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Abstract 

In this paper we prove the Sobolev embeddings for Herz-type Triebel-Lizorkin 
spaces, 

pS2 ^ K^’PFp 1 

where the parameters aq, « 2 , si, s 2 , s, q, r,p , f3 and 0 satisfy some suitable condi¬ 
tions. An application we obtain new embeddings between Herz and Triebel- 
Lizorkin spaces. Moreover, we present the Sobolev embeddings for Triebel- 
Lizorkin spaces equipped with power weights. All these results cover the results 
on classical Triebel-Lizorkin spaces. 
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1 Introduction 

Function spaces have been widely used in various areas of analysis such as harmonic 
analysis and partial differential equations. In recent years, there has been increasing 
interest in a new family of function spaces which generalize the Besov spaces and 
Triebel-Lizorkin spaces. Some example of these spaces can be mentioned such as Herz- 
type Triebel-Lizorkin spaces, ih“ ,p F|, that initially appeared in the papers of J. Xu 
and D. Yang [19J , ra and ra- Several basic properties were established, such as the 
Fourier analytical characterisation and lifting properties. When a = 0 and p = q they 
coincide with the usual function spaces F£ . 

The interest in these spaces comes not only from theoretical reasons but also from their 
applications to several classical problems in analysis. In HU, Lu and Yang introduced 
the Herz-type Sobolev and Bessel potential spaces. They gave some applications to 
partial differential equations. Also in ra. Y. Tsutsui, studied the Cauchy problem for 
Navier-Stokes equations on Herz spaces and weak Herz spaces. 

Since the Sobolev embedding plays an important role in theory of function spaces and 
PDE’s, the main aim of this paper is to prove the Sobolev embedding of K^ ,P F^ spaces. 
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First we shall prove the Sobolev embeddings of associated sequence spaces. Then, 
from the so-called ^-transform characterization in the sense of Frazier and Jawerth, 
we deduce the main result of this paper. As a consequence, we obtain new Jawerth- 
Franke-type embeddings, the Sobolev embeddings for Triebel-Lizorkin spaces equipped 
with power weights, new embeddings between Herz and Triebel-Lizorkin spaces, and 
we present some remarks about the wavelet caracterization of Herz-Triebel-Lizorkin 
spaces. All these results generalize the existing classical results on Triebel-Lizorkin 
spaces. 

To recall the definition of these function spaces, we need some notation. For any 
u > 0, k G Z we set C (u ) = {x G l n : u/2 < |x| < u} and Ck = C{ 2 fc ). For x G W 1 
and r > 0 we denote by B(x, r ) the open ball in M n with center x and radius r. Let yy, 
for fceZ, denote the characteristic function of the set Ck- The expression f ~ g means 
that C g < f < eg for some independent constants c,C and non-negative functions / 
and g. 

We denote by |0| the n-dimensional Lebesgue measure of Q C M n . For any mea¬ 
surable subset Q C M n the Lebesgue space L P (Q), 0 < p < oo consists of all mea¬ 
surable functions for which \\f \ L p (Ll)\\ = (f n \f(x)\ p dx) 1 ^ 1 * < oo, 0 < p < oo 
and ||/ | L°°(n)|| = ess-sup |/(x)| < oo. If fl — M" we put L p (R n ) = L p and 

xefi 

||/ | L p (M n )|| = ||/|| p . The Hardy-Littlewood maximal operator A4 is defined on locally 
integrable functions by 


M.f(x) = sup 


r >o |-B(a;,r)| J B(x>r) 


I f(y)\dy 


and Mtf = (Atl/I*) 1 ^ for any 0 < t < 1. The symbol 5(M n ) is used in place of the 
set of all Schwartz functions ip on M n and we denote by <S'(lR n ) the dual space of all 
tempered distributions on M n . We define the Fourier transform of a function / G <S(]R ra ) 
by -F(/)(0 = (27r)”"/ 2 f Rn e~ lx '^f(x)dx. Its inverse is denoted by f. Both T and 
are extended to the dual Schwartz space 5'(M n ) in the usual way. 

Let 7J 1 be the lattice of all points in W 1 with integer-valued components. If v e No and 
m = (mi,... ,m n ) G Z n we denote Q v ,m the dyadic cube in M n 


Qv,m = {(^i, •••, x n ) : nrii < 2 v x t < m i + l 1 i = 1 , 2, ..., n}. 


By Xvm we denote the characteristic function of the cube Q v , m . 

Given two quasi-Banach spaces X and Y, we write X Y if X C Y and the natural 
embedding of X in Y is continuous. We use c as a generic positive constant, i.e. a 
constant whose value may change from appearance to appearance. 


2 Function spaces 

We start by recalling the definition and some of the properties of the homogenous Herz 
spaces Kg' p . 

Definition 1 Let aGM, 0<p, q < oo. The homogeneous Herz space K^ ,p is defined 
by 

K™ = {! 6 if oc (R” \ {0}) : ||/ I K“*\\ < oo}, 
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where 


oo ^1 

11/1 K’\\ = ( V 2 kap ii/xj;) , 

k=— oo 

with the usual modifications made when p = oo and/or q = oo. 

The spaces K/ p are quasi-Banach spaces and if rnin(p, q) > 1 then K/ p are Banach 
spaces. When a = 0 and 0 < p = q < oo then K/ p coincides with the Lebesgue 
spaces L p . Various important results have been proved in the space K/ p under some 
assumptions on cqp and q. The conditions — | < a < n( 1 — ^),1 < q < oo and 

0 < p < oo is crucial in the study of the boundedness of classical operators in K/ p 
spaces. This fact was first realized by Li and Yang [8] with the proof of the boundedness 
of the maximal function. The proof of the main result of this section is based on the 
following result, see Tang and Yang ra- 


Lemma 1 Let 1 < f3 < oo, 1 < q < oo and 0 < p < oo. If {fj}/L 0 is a sequence of 
locally integrable functions on R n and —^ < a < n( 1 — |) ; then 


OO -j / n 

(EWi)*) \ k « p 



A detailed discussion of the properties of these spaces my be found in the papers [7], 
|9j, [TO], and references therein. 

Now, we present the Fourier analytical definition of Herz-type Triebel-Lizorkin spaces 
K/ ,p Fp and recall their basic properties. We first need the concept of a smooth dyadic 
resolution of unity. Let cp 0 be a function in <S(M n ) satisfying fi 0 (x) = 1 for |x| < 1 and 
4> 0 (x) = 0 for |x| > 2. We put fij(x) = 4> 0 (2~ j x) — 0 o (2 1_ - :, x) for j = 1,2,3,.... Then 
W jG n 0 is a resolution of unity, '// r p=o ( Pj( x ) = 1 f° r x *= Thus we obtain the 
Littlewood-Paley decomposition / = YlpL* f a ^ / e (convergence in 

We are now in a position to state the definition of Herz-type Triebel-Lizorkin spaces. 


Definition 2 Let a, s G M, 0 < p, q < oo and 0 < fi < oo. The Herz-type Triebel- 
Lizorkin space Kg ,p Fp is the collection of all f G 5'(M n ) such that 


I/ I K’ P F S 8 II = 


T. 2 ’ 

3=0 


sp 


T 


—i 


f\T 


q 


< oo, 


with the obvious modification if /3 — oo. 


( 1 ) 


Remark 1 Let s 6 R,0 < j),g < oo,0 < ^ < oo and a > —n/q. The spaces 
Kg ,p Fp are independent of the particular choice of the smooth dyadic resolution of 
unity { dj IjeNo (in the sense of equivalent quasi-norms). In particular K/ p Ff are 
quasi-Banach spaces and if p,q,/3 > 1, then K/ p Fp are Banach spaces. Further 
results, concerning, for instance, lifting properties, Fourier multiplier and local means 
characterizations can be found in [21\, [H] and m 
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Now we give the definitions of the spaces B p/3 and F p /3 . 

Definition 3 (i) Let s £ M and 0 < p, [3 < oo. The Besov space B p ^ is the collection 
of all f £ <S'(M n ) such that 

OO -| / (j 

ll/i B rJ = (£ 2 'NI^ _ N*/lC) <°°- 

j =o 


(ii) Let s6l,0<p<oo and 0 < /3 < oo. The Triebel-Lizorkin space F p/3 is the 
collection of all f £ iS , (M n ) such that 


11 / 


KA 


£ 2 ^|j-v,*/| 

3=0 


0 


1//3 


< OO. 


The theory of the spaces Bfg and F* p has been developed in detail in [2], [T5] and 
[T6 j but has a longer history already including many contributors; we do not want to 
discuss this here. Clearly, for s £ M, 0 < p < oo and 0 < /3 < oo, 


rV0,p rps _ t?s 

n p ~ f p ,i 3- 


Let us consider ko,k £ iS(R") and S > —1 an integer such that for an £ > 0 


and 


l«o«)l>0 for |e|<2o (2) 

j«(OI>0 for |<|?|<2 e (3) 


x a k(x)dx 


0 for any |a| < S. 


(4) 


Here ([2]) and ([2]) are Tauberian conditions, while (d]) are moment conditions on k. We 
recall the notation 


k t (x ) = t n k(t 1 a;), kj(x ) = k 2 -j(x ), for t > 0 and j £ N. 
Usually kj * f is called local mean. The following result is from |23, Theorem 1], 
Theorem 1 Let a, s £ M, 0 < p, q < oo, 0 < (3 < oo, a > —n/q and s < S + 1. 

( 2 s, k s »/), | k°*(e„) , 


11 / 


K a x ps 

1S -q r f)\ 


Then 

(5) 


is equivalent quasi-norm on Kf' p F^. 

We introduce the sequence spaces associated with the function spaces Rff ,p Ff. If 

A = {A„, m £ C : v £ N 0 , m £ ZU}, 
a, s £ M, 0 < p, q < oo and 0 < fd < oo, we set 


T^a,p fS 

K q h 


OO i in 

(EE^i^iV) \K r 

v =0 mGZ n 


( 6 ) 
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Let <f>, -0, ip and V L satisfy 

$,^^,^5(1") (7) 

suppJ-'d*, suppj 7 X I> C 5(0,2) such that |J-’ < 3>(£)|, |J rv L(£)| > c if |£| < ^ (8) 

o 

and 

suppJ>, supp Tty C -B(0,2)\-B(0,1/2) such that |JV(01,1^(01 > c if ^ < |f| < ^ 

5 6 

(9) 

such that 

OO 

(0 + ^^(- 2 -^)^( 2- J '0 = 1 , ^ K ", ( 10 ) 

3 =1 

where c > 0. Recall that the ^-transform S v is defined by setting (S' ¥ ,/) 0)m = (/, <f> m ) 
where <F m (x) = $(x - m) and (S v f) Vjm = (f,<P v>m ) where <p v>m (x) = 2 vn / 2 p{2 v x - m) 
and v G N. The inverse (^-transform is defined by 


T^X ^ ^ ^ 0 ,m ^m T EE Xv,m'lfiv ,mi 


m&Z n 


u=l m£Z n 


where A = {A„ im E C : v E N 0 , m E Z n }, see [3]. 

For a sequence A = {A„ im E C : v E N 0 , m E Z n }, 0 < r < oo and a hxed d > 0, set 


A 


v,m,r,d 


E 

hez n 


|A„y 


(1 + 2 v \2~ v h - 2~ v m\) d 


1/r 


and K,d = {K,m,r,d e C : v E No, m E Z n }. 

Lemma 2 Let a, s E M,0 < p < oo,0 < q < oo,0 < (3 < oo, d > n and a > —n/q. 
Then 


a: 


jy-a,p rs 
a J i 


|A | 


m[n (<hTF^,P)’ d I Q 

Proof. Obviously, 

|a I k**ft | < ||aI k^fi 

From Lemma A.2 of [3j, we obtain 

A?;,m,min(g, 1 r2_, / 9),ci — C -M a (^ ^ ^ \ A ,h\Xv Ji'j ( X ) ’ X ^ Qv,mi 

where, 


hez n 


0 < a < r = min( 5 , —-, (3) < 00 , da > nr 


2 + o' 
q 


and c > 0 depend only n and d. Let e = ^ — 1 > 0 and a = 1+ ^ 2 , then 0 < a < r and 
da > nr. Hence 


\ * I Tfa,p -ps 

A min (q,-^-,P)4 I A 

1 ^ 


< C 


Y. m ‘A E r ’ f \Kh\ 'V, 


■u =0 


hez n 


a/f3 


■p^aa,p/a 

IX q/a 


1/a 
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Observe that | > 1 , | > 1 and < aa < n( 1 — |). Applying Lemma [T] to estimate 
the last expression by 


c 


OO -i In 

EE ^ S0 \K,hfXv,h) I Kq’ P 

11=0 h£Z n 


c A 


q J t 


The proof of the lemma is thus complete. ■ 

To prove the main results of this paper we need the following theorem. 


Theorem 2 Let cqs G M, 0<p<oo,0<g<oo,0</3<oo and a > —n/q. 
Suppose that ip and <F satisfy (l7lh (TTO . The operators S v : Kg’ p Ff —* Kf’ p fp and 
Tp : Kg ,p fp —> Kf’ p Fp are bounded. Furthermore, o is the identity on Kf' p F^. 

Proof. We use the same arguments of [3. Theorem 2.2], see also [25. Theorem 2.1] and 
[U Theorem 3.12], For any / G <S'(M n ) we put sup(/) = {sup„ m (/) : v G N 0 ,m G IT} 
where 

sup(/) = sup \fpT v *f{y)\ 

v,m y&Qv,m 

if v G N, m G TIT and 

sup(/) = sup |$*/(y)| 
o ,m y€Qo,m 

if m G IT. For any 7 G Z + , we dehne the sequence inf 7 (/) = {inf „,rn, 7 (/) : v G N 0 , m G 
Z n } by setting 


inf (/) = sup{ inf \<p v * f(y)\ : Q„ +7 , h O Q„, m 7 ^ 0 } 


if r G N,m G Z" and 


inf (/) 

0 , 771,7 


sup { inf |<f> * f(y) | : Q 7)/l n Q 0 ,m 7 ^ 0} 
/iez n y£Q~/,h 


if m G Z n . Here <fj(x) = 2- 7 n <^(— 2^x) and <E>(x) = <F(—x). As in Lemma A. 5 of [3], see 
also P and ca we obtain 

||inf 7 (/) | k^j ;|| < c ||/ | || 

for any sGM, 0<p, g<oo,0</3<oo,o> —n/q and 7 > 0 sufficiently large. 
Indeed, we have 


|inf 7 (/) 


K p m = c 


E 2 * 




. inf (/)*,-_ 


j-7,m 


J>7 




Dehne a sequence {A iifc } ieN0)fceZ n by setting A iifc = inf y6 g. ifc |<^_ 7 * /(y)| and A 0 , fc = 

inf y6Q 7 ,^ 1*^ * /(2 /)l- We have 

inf (/) = sup {\j ih : Q j}h D (3j- 7 ,m 7^ 0} 

heZ n 


and 


inf (/) = sup {Ao^ : Q 7 ,h H Qo,m 7 ^ 0}- 

0 > m >7 feeZ" 
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3=1 


Let h G U 1 with Q 3 x D Q 3 — um ^ 0 and j > 7 . Then 

A j, h < c2 ld ^ r \* z r rj , j > 7 and X 0 , h < c2^ r X*^, 


( 11 ) 


for any z G Z n with D Qj- lyTn 7 ^ 0, where the constant c > 0 does not depend on 
j, h and z. Indeed, we observe 


A 1 /i 


A 


j,h 


(l + 2P\2- j h-2~ i z\) d . 


j ’ h (l + 2j\2-jh-2-j Z \) d 
Let x G Q 3 .h H Qj- 1} m and y G Qj yZ fl Qj- lym . We have 

|2 ~ j h - 2~ J z| < |2 ~ j h - x \ + \x~y\ + \y- 2~ j z\ < 2 2 ~ j + 2 7 "L 
This implies (TITjl . Hence 


V] . inf < C V] A lk,r,dXj,k, 3 > 1 

-* ^—7,772,7 J L 


mGZ’ 


and 


inf (/)x 0 ,m < C yy K,k,r,dX-y,ki 3 = 7, 

z ' 0,m,7 ’ z ' ' 

mez n kez n 


with r = min(g, and d > n. Therefore, 


iny/) i i<7n II < °\\( E 1*y(40 


fceZ" 


Notice that if j = 7 we replace X* krd x 3 j ; by X* okrd x lyk - Applying Lemma [ 2 ] to estimate 
this term by 


ke i‘ 

wich is bounded by 


E . 1 iy (<w + c E 1 k 

3>1 k£Z™ 


a,p 

Q 


2 \K^{£ P ) + c ® * f \ K' ( 

' 3>1 


a,p 

Q 


By Theorem [Q we obtain 


inf 7 (/) | || < c\\f | k^FtW < c\\f | K?>F $||, 


9 


l 9 £ I 


where we use the caracterization of Herz-type Triebel-Lizorkin spaces by local means. 
Applying Lemma A.4 of [3], see also Lemma 8.3 of [1], we obtain 


inf 7 (/) 


min(g,TT-2—,/3),7 

Q 


sup(/) 


min (9>7rr^,/3),7' 
<? 


Hence for 7 > 0 sufficiently large we obtain by applying Lemma [21 

1 K r n II ~ IK(/) 1 
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and 


sup(/) 


min (q,- 


,/3),7 


K a ’P f s 

K q b\ 


sup(/) | i^| 


for any set, 0 < p, g < oo, 0 < /? < oo and a > —n/q. Therefore, 


K (/) l 




snp(/) | i^||- 


Use these estimates and repeating the proof of Theorem 2.2 in [3] or Theorem 2.1 in 
then complete the proof of Theorem [2j ■ 


Remark 2 From these to prove the embeddings 

K^ 2 ' r F S2 ^ K^F * 1 

we need only to prove 

k“ 2 ’ r f* 2 ^k^f*\ 

under the same restrictions on parameters Si, s 2 , «i, a 2 , s, V , P , r , &■ 


We end this section with one more lemma, which is basically a consequence of Hardy’s 
inequality in the sequence Lebesgue space i q . 


Lemma 3 Let 0 < a < 1 and 0 < q < oo. Let {e*,} be a sequences of positive real 
numbers and denote 5^ = k!j={) a k ~ 3 £ 3 and q k = ffJLk °W k £j^ k e N 0 . Then there 
exists constant c > 0 depending only on a and q such that 


k =o 


1/9 


E« + Eh ^ E 


k =0 


1/9 


k =0 


1/9 


3 Sobolev embeddings for K® iP Fp spaces 


It is well-known that 


J? s 2 
q, oo 




if s x — n/s = s 2 — n/g, where 0 < g < s < oo and 0 < (3 < oo (see e.g. [H, Theorem 
2.7.1]). In this section we generalize these embeddings to Herz-type Triebel-Lizorkin 
spaces. We need the Sobolev embeddings properties of the above sequence spaces. 


Theorem 3 Let aq,a; 2 ,si,s 2 6 R, 0 < s, g < oo, 0 < r < p < oo, 0 < /3 < oo, aq > 
— n/s and a 2 > —n/q. We suppose that 




si — n/s — aq = s 2 — n/q — a 2 . 

( 12 ) 

Let 0 < q < s < oo 

and 

a> 2 > a i or 0 < s < q < oo and 




a 2 + n/q > aq + n/s. 

(13) 

Then 


k q 2 ’ r fe 2 ^ K? 1 *!} 1 , 

(14) 

where 




6 = • 

[ 

if 0 < s < q < oo and a 2 + n/q = aq + n/s 


1 oo 

otherwise. 
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Proof. We would like to mention that this embedding was proved in [2j Theorem 
5.9] under the restriction max(0, < «2 < («1 + 7 ) 7 — f • Here we use a different 
method to omit this condition. 

Step 1. Let us prove that 0<r<p<oois necessary. In the calculations below we 
consider the 1-dimensional case for simplicity. For any v G Nq and N > 2, we put 


\ N 

/ 'v,m 


2 - (si -i- ai )v ^- 2 x .(2-~ 1 ) 

0 


if m = 1 
otherwise, 


X N = {A^ m : v G N 0 , m G Z}. We have 


|a k iL«‘-/jT= E 2 ^ot\kp ||(EE 2 V 8 lP \^,m\ P Xv,m) 1/P Xk 


k =—00 v =0 mGZ 

We can rewrite the last statement as follows: 

0 n -2 


E 2 ““” E 2 ( ' , "'-''Vi; x. 


fc=l-JV 

0 


v =2 


1//3 


= E 2«‘»||2<:+«)( 1 -'= | Xl _ i i||f = c i v , 

k=l—N 

where the constant c > 0 does not depend on N. Now 

OO OO 

-)a.2kr 


11 a" 1 “•’■/nr = e 2 “h (E 2 ”""i A hiN,i) x t 


k =—00 


v =0 


i/e 


Again we can rewrite the last statement as follows: 


2 a2kr f 2 ( 


k=l-N 

0 


(s2-si + i+ai)ti0 


i/e 

Xv.i ) Xk 


v =2 


y ^ 2 a ^ kr 2 ( S 2 _ Sl + a + cei )( 1_fe )^ 1 k 1 


— c N, 


k=l-N 


where the constant c > 0 does not depend on N. If the embeddings (fl4|) holds then 

1 _ 1 

for any N G N, Np r < C. Thus, we conclude that 0 < r < p < 00 must necessarily 
hold by letting IV —>• + 00 . 

Step 2. We consider the sufficiency of the conditions. First we consider 0 < q < s < 00 
and «2 > op. In view of the embedding i r £ pj it is sufficient to prove that 

^ ky 

By similarity, we only consider the case (3=1. Let A G K^ 2,r f^. We have 


a 1 /C’7r 


Cn~\~ 1 


k =—00 
OO 


< ( E 2ta j E 2 ”‘ E 

v=0 mGZ n 
00 

E 2 ta i|E 2 ” E 

k=c n +2 v=0 meZ“ 


r\ 1 /r 


r\ 1/r 


( 15 ) 
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Here c n = 1 + [log 2 (2 y/n + 1)]. The first term can be estimated by 


Cn~\~ 1 


Cn-k+l 


E 2 ‘“‘1 E 2 ”“ E 


k=—oo v=0 mGZ' 

Cn +1 oo 

koL\r 


r\ 1/r 


+ c { E 2 

k =—oo 

= / + //. 


E 2 " S1 52 KmXv,mXk 

v=c n -k-\- 2 mGZ n 


r\ 1/r 


Estimation of I . Let x G Ck fl Q v ,m and y G Q v , m . We have |x — y| < 2^/n2~ v < 2 Cn ~ v 
and from this it follows that |?/| < 2 Cn ~ v + 2 fc < 2 Cn ~ v+2 , which implies that y is located 
in some ball B(0, 2 Cn ~ v+2 ). Then 

\Km\ t = 2 nV [ \Xv,m\ t X Vtm (y)dy<2 nV [ I Km^X^mWy, 

J K" J B(0,2 Cn ~ v + 2 ) 

if x G Ck n Q V)m and t > 0. Therefore for any x G Cf 

52 I KrnWv^ix) < 2™ [ 52 I *v,m\ t Xv,m(y)dy 

J B ( 0 , 2 c n-+ 2 ) mgZn 


m&L- 


= 2 r ‘ 


E i A v,m \x v,m XB(0,2 c n-»+ 2 } 


meZ" 


Hence 




Cn — fc +1 


E 2 M1 5^ K,mX v ,mXk 

v=0 m£7j n 

Cn — k+l 

< e2<«+?> i E 2” (I '+? ) |[ E IVJwte(0,2~-.«) 

r=0 mGZ n 

We may choose t > 0 such that j > max (A, A + ^). Using (fT2l) and Lemma [3] to 


estimate I r by 


c E 2 

v=0 

oo 

< <W 2 


v(s2-^-ct2+j)r 


5 1 \^v,m.\X v ,mXB(0,2 c ™- v + 2 ) 


meZ" 


u(s 2 -f- 02 +j)r- 


q - ■ t 

r=0 i<—v mGZ' 

oo 


Ell E I ^ v,m | Xi),mXi+c r 


+2 




< c’E 2 " !f ( E 2 '^"" E 2 iSj |V,mlXj, m X i+ c 


r=0 i<—v 


a +2 


mGZ n 


cr\ r/cr 


by Holder’s inequality, with cr = min(l, f) and f = f — ~ — « 2 - Again, we apply Lemma 
[3] to obtain 


E 2_ “ a ‘ r E 2 '”iAi, m ix. 


J r < c \ ■ 9-<*2 

i=0 


j,mX— i+Cn+2 


mgZ" 


<c||A| A7’7S| 
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Estimation of II. We see that it suffices to show that for any k < c n + 1 


^kot i 


E 2“' V \ Vim X v , m Xk 

v=c n —k+2 mGZ n 


< (7 s / 9 2 fcQ2 

= <5, 


sup 

v>c n —k-\-2 


2 2 A v,mX v ,mXc k 


meZ" 


. This claim 


i n 

where C k = {x £ M n : 2 k ~ 2 < Id < 2 fc+2 } and C = 2 max( 2 ,? , -P-) 

K 1 I I J v !_ 2 --? ’ 2T-l' 

can be reformulated as showing that 

p OO 

/ 2 h »*r*( V 2 “> V |A„, m |x„,„(*))”<& < 1 . 

v=c n — fc+2 mGZ n 

The left-hand side can be rewritten us 

« oo 

/ r*( v V |A„, ro | Xv , m (x))‘dx 

Ck v=c n -k-\-2 meZ n 

oo 


< 


p oo 

f S ~“( 2 V ^ )+VS2+ka2 \Km\Xv,m(x)) dx 

Ck v =Cn~k +2 m6Z n 


= 


T h <C S I (r 1 sup 

v>c n —k+2 


since «2 > «i- Let us prove that T*, < 1 for any k < c n +1. Our estimate use partially 
some decomposition techniques already used in [ 18 ] , 

Case 1. s\vp v>Cn _ k+ 2 :rn 2I S2+ka2 \\ V)m \x Vtrn (x) < 5. In this case we obtain 

Y 2 VS2+ka2 \Km\Xv,m{x)) dx < 1 . 

>C k x v>c n -k+ 2 mgZ „ 

Case 2. sup v > Cn _ k+2m 2 VS2+ka2 \\ V!m \x Vim (x) > 5. We can distinguish two cases as 
follows: 

• su Pu>c„-fc+ 2 ,m 2 VS2+ka2 1 \ VjTn | Xv,m ( x ) = oo, then there is nothing to prove. 

• 5 < sup„> Cri _ fc+2jm 2 VS2+ka2 1 X ViTn | x v , m ( x ) < OO. Let N £ N be such that 

2- < r 1 sup Y 2 VS2+ka2 \\ Vtm \ Xv , m {x) < 2 - 5 -. 

v >c n -k + 2 meZ „ 

Subcase 2.1. k > c n — N + 2. We split the sum over v > c n — k + 2 into two parts, 

oo N oo 

E - E E ■■■■ 

v=c n -k-\- 2 v=c n —k-\-2 v=N-\-l 

Let xeCffi Q v ,m and y £ Q v ,m ■ We have \x — y\ < 2y/n2~ v < 2 Cn ~ v and from this 
it follows that 2 fc ~ 2 < \y\ < 2 Cn ~ v + 2 k < 2 k+2 , which implies that y is located in C k . 
Then 

\X v> m\ q = 2 nV [ \\v,m\ q Xv,m(,y)dy < 2™ \ \K,m\ q Xv,m(y)dy, 

J K" Jc k 

if x £ Ck n Q V)m . But this immediately implies that 

W < 2"” f £ I A., m | ’Xv, m (y)dy 

JCk m£Z" 

E IV,»lx„„xeJ|’ < 2 

meZ" 


^ ] \X v ,m\ q Xv,r 

mGZ n 


= 2 r 
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Therefore for any x G C k 


N 


N 


r 1 E 2 


— 77 )+vs 2 +ka 2 


E E 2><C2 


—N 


v=c„—k +2 


meZ" 


v=c n —k 


and 


v 1 E 2”<5-?' + ”= + ‘» E 


■u=7V+l 


meZ n 


= 2^-^r 1 x: x: ivmix B „ 

^=7V+1 mEZ n 

< c 2«-?>' v r 1 sup E 2 ” a+ta l A ».™lx„,„(i) 

V>C n -' ' " 

< C 2 ? w . 


m 


meZ" 


Hence 


T k <C s [ 2 nN dx<C s [ (V 1 sup V 2 ^ +fc ^|A w ,Jx w Jx))^<l. 

7c fe 7c fe V v>c„-fc+2 „ / 


mSZ" 

Subcase 2.2. k < c n — N + 2. We use the same of arguments as in Subcase 2.1, in view 
of the fact that EZc n -k +2 ' ' ' < E“ jv+i 

Estimate of fll5|) . The arguments here are quite similar to those used in the estimation 
of II. This complete the proof of the first case. 

Now we consider the case 0 < s < q < oo and «2 + n/q > a± + n/s. We only need to 
estimate the part T k . Holder’s inequality implies that 


Tk < 


< 


r 1 E E 


v=c n —k +2 


c —1 


sup 
v>c n — k-\-2 




raEZ' 
s 




raEZ 71 


_ (j-s/q 


where the last inequality follows by the fact that + njq > ot\ + n/s. The remaining 
case can be easily solved. The proof is complete. ■ 

As a corollary of Theorems [2] and [31 we have the following Sobolev embedding for 
Kq ,p Fp spaces. 

Theorem 4 Let ai,a 2 ,si,S 2 GM, 0<s,g<oo,0<r<p<oo,0</3<oo,ai> 
—n/s and 02 > — n/q. We suppose that 

Si — n/s — aq = S 2 — n/q — a. 2 - 

Let 0 < q < s < 00 and a 2 > aq or 0 < s < g < 00 and 

a 2 + n/g > «i + n/s. 


Then 

where 


Kf 2 - r F / 2 Kf^Fjf 1 , 

j (3 if 0 < s < q < 00 and a 2 + n/q = ai + n/s 
[ 00 otherwise. 
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Remark 3 We would like to mention that m and si — n/s — ct\ < S 2 — n/q — «2 
are necessary, see [I|. 

From Theorem [4] and the fact that K^Fp 1 = Ff^ we immediately arrive at the follow¬ 
ing corollaries. 

Corollary 1 Let si, S 2 G M, 0 < s, q < oo, s\—n/s = s^—n/q—a^, 0 < r < s < oo and 
0 < /3 < oo. Let 0 < q < s < oo and «2>0 or 0<s<g<oo and «2 + n/q > n/s. 
Then 

where 

g _( f3 if 0 < s < q < oo and + n/q = n/s 
\ oo otherwise. 

Corollary 2 Let Si, S 2 G M, 0 < s, q < oo, Si — n/s — cti = S 2 ~n/q, 0 < q < p < oo and 
0 < (3 < oo. Let 0 < q < s < oo and an < 0 or 0 < s < q < oo and n/q > an + n/s. 
Then 

F% ^ K?*F£. 

where 

r (3 if 0 < s < q < oo and n/q = + n/s 

| oo otherwise. 


From the above corollaries and the fact that Kf^Ff/ = K(f ,r for 1 < r, q < oo and 
— ^ < a < n — s, see [H] we obtain the following embeddings between fferz and 
Triebel-Lizorkin spaces 


IT'0.2,r 

q 




F si 


if n/s — si — n/q + « 2 , 1 < r < s < oo, 0 < (3 < oo, and 


1 < q < s < oo and 0 < «2 < n - 

q 


or 

or 

Again we obtain 

holds if n/s + a± 
and 

or 

or 


77/72 77- 

1 < s < q < oo and- < (%2 < n - 

s q q 


1 < s < q < oo,a 2 = -and (3 = 2. 

s q 


f» ^ k?* 

= n/q — S 2 , 0 < max(g, 1 ) < p < oo (or 1 < g = p < oo), 0 < 9 < oo 

Ti 

0 < max(g, 1 ) < s < oo and-< an < 0 . 

s 

n 

1 < s < q < oo and- < a± < n/q — n/s 

s 

1 < s < q < oo, an = n/q — n/s and 6 = 2. 
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From the Jawerth-Franke embeddings we have 

F,:i „ B ‘5 -4 F," , 

if si, S 2 , S 3 6 K,si - n/s = S 2 — n/q = S 3 — n/t, 0<f<g<s<oo and 0 < f3 < 00 , 
see |]T6j p. 60]. Using our results, we have the following useful consequences. 


Corollary 3 Let s 1, S 2 , s 3 G K, 0 < s,q,t < 00, Si — n/s = S 2 — n/q = S 3 — n/t and 
0 < (3 < 00 . Then 

F,% ^ K°‘F£ ^ F», 0<t<q<s<co. 

To prove this it is sufficient to take in Corollary [TJ r = s an d «2 = 0. However the 
desired embeddings are an immediate consequence of the fact that 

/7 S 3 ps 2 _ T>0,q p S2 t>0,s ps 2 

"t ,00 ' "q,oo "00 ' "oo' 


Corollary 4 Let Si, S2 G M, 0 < s, q < 00, si — n/s = S2 — n/q and 0 < /3 < 00. Then 


Fq% ^ 


F S1 


0 < q < s < 00. 


To prove this it is sufficient to take in Corollary [21 p — q and aq = 0. Then the desired 
embeddings are an immediate consequence of the fact that 


F s q % ^ k° a «F« K°*Ff = F«. 


4 Applications 

In this section, we give a simple application of Theorems [3] and [4l 

Theorem 5 Let s G M, 0 < p, q, (3 < 00 and a > —n/q. Then there exists a linear 
isomorphism T which maps Kf p F/ onto Kf p ff Moreover, there is an unconditional 
basis in Kf p Fp. 

The mapping T is generated by an appropriate wavelet system. A proof of this theorem 
can be found in Xu [23] for the non-homogeneous Herz-type Triebel-Lizorkin spaces 
and a > 0. This result is also true for the spaces Kf p Ff with a > —n/q. Indeed, the 
problem can be reduced to proof the Kf ,p fp -version of Lemma 3.5 in Xu [23] • Therefore 
we need to recall the definition of molecules. 


Definition 4 Let K,L G No and let M > 0 . A K-times continuously differentiable 
function a G C A (M”) is called [. K, L, M]-molecule concentrated in Q V: m, if for some 
v G No and m G Z n 


and if 


D a a{x)\<2 vlal (l + 2 v \x-2~ v m\)- M , for 0 < |a| < K, x G IT 


J x a a{x)dx = 0, for 0 < \a\ < L and v > 1. 

R™ 


(16) 

(17) 
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If the molecule a is concentrated in Q v , m , that means if it fulfills (H 6 |) and (iI7j) . then 
we will denote it by a vm . For v = 0 or L = 0 there are no moment conditions dT7T) 
required. 

Now, we prove the Kg ,p f ^-version of Lemma 3.5 in Xu [23]. 


Lemma 4 Let s G M, 0 < p, g<oo,0</3<oo and a > —n/q. Furthermore, let 
K, L 6 No and let M > 0 with 

L > n( -t-- — 1) — 1 — s, K arbitrary and M large enough. 

m m(l ,q,p) 


If a vm are [K, L, M]-molecules concentrated in Q V)7n and A 
Z n } G then the sum 


v=0 mGZ n 


converges in S' 


{K, rn G C : n G Nq, rn G 


(18) 


Proof. We use the arguments of |16j, see also [5]. Let tp G 5(M n ). We get from the 
moment conditions (UTl) for fixed v G No 

I ^ ' ^v,m^vm(,y)^p{y s )dy 

= f Yl K,m2~ viL+1) a V m(y) (y>(y) ~Yl(y~ 2 ~ Vm Y D m ^ )2 v ^ L+1) dy 

fl/n meZ" m<L 

oo « 

= J2 I • • 

i=—oo^ 


0 

where Ci = {p G M n : 2*” 1 < |z/| < 2*} for any i G Z. Let us estimate the sum ^ • • •. 

i=—oo 

We use the Taylor expansion of ip up to order L — 1 with respect to the off-points 2~ v m, 
we obtain 

f>(v) - 2 > - = X , 

|/3|<L ' \P\=L 


with f on the line segment joining y and 2 v m. Since l+|p| < (1 + |£|) (1 + \y — 2 v m |), 
we estimate 


w=l 


- 2 ~ v mf 




v>i=l 

< (l+|»- 2 -”m|) I (l + |e|)- s |M| Si[ 

< c(l + | !/ |)- s (l + | !/ - 2 -m|) 1+s , 
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where S' > 0 is at our disposal. Let 0 < t < inin(l, q) = 1 + q — min ^ 1 ^ and h = 

s + — 1) be such that n( 1 — ^L—^) + s > h > —1 — L. Since a vm are [K, L , M]- 

molecules, then 2~ v ^ L+V) \a vm (y)\ < 2 hv 2~ v ^ L+1+h ^ (1 + 2 V \y — 2~ v m\)~ M . Therefore, 
o 

The sum ■ ■ ■ can be estimated by 


c 2 ~ 


o r 

/ Y, 2 to |A„, m |(l + 2*|9-2-”m|) 


L+S-M 


(l + \y\)~ s dy. (19) 


i=—ooq mEZ' 


Since M can be taken large enough, by Lemma 4 in [5] we obtain 

^2 |A Vl m| (1 + 2 V \y - 2~ v m\) L+S ~ M <cM^^2 l A vml X v ,m) (v) 


m& n 


me Z" 


for any y G Ci fl Q v j with l G Z n . We split S into R + T with R + a < 0 and T large 
enough such that T > max(— R, n ^-t ) ). Then (HUD is bounded by 

c2 -v(L+l + h) £ 2 - iS [ M( V 2 vh |A„,m| X^,m)(y)(l + \y\)~ T dy- 

i=—c jo q m£S" 

Since we have in addition the factor (1 + \y\)~ 7 , it follows by Holder’s inequality that 
this expression is bounded by 


< 

< 


c2 _ v{L+1+h) 2 ~ iR m( 52 2hv \K 


',m | Xv,m ) Xi 


i=—oo 

0 


m£Z" 


q/t 


c 2 ~v(L+i+h) V 2 -‘I“ +r )| V 2 ta \K, m \x„, m \k q /t 


^ct,oo 


me Z n 


c 2 -«< i+ i+*> h\k™f^ 


where the hrst inequality follows by the boundedness of the Hardy-Littlewood maximal 

OO 

operator Ai on . Using a combination of the arguments used above, the sum )T) ■ ■ ■ 

i= 1 

can be estimated by c 2~ v ( L+1+h '> 11A | 11. Since L + 1 + h > 0, the convergence of 

(USD is now clear by the embeddings 


I?a.,p rs T>Oi,p rh 

^ q Jo o ' 1 '-q/tJooi 

see Theorem [3J The proof is completed. ■ 

Let w denote a positive, locally integrable function and 0 < p < oo. Then the weighted 
Lebesgue space L p (M n ,tc) contains all measurable functions such that 


/|V(R”,!0)|| 





i/p 


< oo. 


For q G [1, oo) we denote by A Q the Muckenhoupt class of weights, and A*, = U e >iA 0 . 
We refer to |@j for the general properties of these classes. Let w G Aoo, s G M, 


16 














0 < f3 < oo and 0 < p < oo. We define weighted Triebel-Lizorkin spaces F£ (M. n ,w) to 
be the set of all distributions / G 5'(M n ) such that 



oo \ j j3 

(£2^V/|') | L p (R n ,w) 


is finite. In the limiting case q = oo the usual modification is required. The spaces 
Fp i/3 (M n , w) = p(w) are independent of the particular choice of the smooth dyadic 
resolution of unity appearing in their definitions. They are quasi-Banach 

spaces (Banach spaces for p,q > 1), and 


S(R n ) F^(w) ^ S'(R n ). 

Moreover, for w = 1 e Aoo we obtain the usual (unweighted) Triebel-Lizorkin spaces. 
Let w 1 be a power weight, i.e., w 7 (x) = |x | 7 with 7 > —n. Then in view of the fact 
that L p = Kp’ p , we have 

11/17?K)II«11/1 FfF- 0 \\. 

Applying Corollary [4] in some particular cases yields the following embeddings, see for 
the case of . 


Corollary 5 Let 772 6 K, 0<g<s< 00 , 0 < (3 < 00 and w ll {;x) = \x\ l1 , 
w l2 (x) = \x\ l2 , with 7 X > —7i and y 2 > —n. We suppose that 

n + 7 X n + 7 2 

Si-= s 2 - 

s q 


and 

1 2 /<1 > h/s. 


Then 


Remark 4 We refer the reader to the recent paper plj for further results about 
Sobolev embeddings for weighted spaces of Besov type where the weight belongs to 
some Muckenhoupt A g class. Notice that this results are given in [7H, Theorem 1.2] 
but under the restrictions l<g<s<oo, 1</3<oo. 
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